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Multivariate canonical correlation methods are superior to univariate
techniques in providing important information on the
interrelationships among variables. Furthermore, multiple univariate
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ABSTRACT

Mathematical statisticians have long recognized that parametric significance

‘

testing procedures are special cases of canonical correlation analysis, but most
research practitioners have been less aware of ~these relationships. The paper
presents - a series of actual analyses of a hypotheticale data set in order to
illustrate these relétionships. Insight into the linkages among vyarious
techniques should - facilitate bet'ter " unéerstanding of methods and more informed

analytic practice in educational research.

*
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Rerlinger (1973, p. 216) once riot;ed that "the analysis of variance is rot just a
statistical . method. It is an approach and a way of thinking." Much the same can be
said about statistical techniques as a system. Cronbach (1957, p. 671) recognized

this reality in his presidential address at the sixty-fifth annual meeting of the

-~

American Psychological Association:

Two historic streams of method, ,tho'ught; and affiliation...
run through the last century of our sci'ence. One stream. .is
experimental - psychology; the ‘, other, correlational -
psychology. .. Psychol6g9 continues to this ciay to be limited
by the dedication of its investigators to one or the other
method of inquiry rathér than to scientific psychology as a °
whole. o .
Behavioral 'scien‘tés.ts wﬁo prefer to thi;mk of themselves as experimenters historically
have préferred to analyze data usirgg. analysis of variancg (ANOVA) ,pethods and their
analogs (ANCOVA, MANOVA, and MAbmfA—-coileétively here labelled OVA mr;thods) .
Edgingto;m (1974, p. 25) studi;d seven prominent journals published k¥ the &ﬁerican |
Psychologiqal Associ'ation, and repo;ted that in 1972, "71% of the articles using
statistical inferénce used analysis of variance." Willson (1980, vo. 6)n stﬁdied the

1969 through 1978 volumes of the American Educational Research Journal and found that

"ANOVA and analysis of covariance (ANOOVA) comprised over 34% of the total techniques
and were included in 56% of the articles." More recently, Goodwin and Goodwin  (1985)

——

- found - that 37% of the articles in the 19791983 volumes of the Am_e'“rican Educational

Research Journal employed CHNAFtechniques, while during the same period 61% of the
Jarticles in the Journal of Educational Psychology used OVA methods.
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In some FeSpects these patterns are disturbing, since‘ OVA methods have been

criticized for distorting research results (Cohen, 1968; Tharpson; 1981). The

patterm is also somewhat surprising, because increasing numbers of researchers have

came to recognize that general linear model methods subsume all parametric

. N ' . o~
significance tests,” For example, Cohen (1968, p. 426) noted that ANOVA and ANCOVA
are speciﬂal cases of multiple regression énalysis, and argued that in this

realization "lie possibilities "for more relevant and . therefore more powerful

—

— rd

exploitation of research data.” Kerlinger and Pedhazur (1973) point out that general
linear 'model inplementations of OVA methods force planned comparisons. They also

note that:

The tests of - significance for a priori, or planned,

compa{risons are more powerful than those for post hoc .

‘comparisons. In other words, it is possible for a specific |
comparison to be not signif icént when tested by post hoc .
methods but significant Qwhen ﬁeéted - by a prior{ methods.
(. 13D . ’

Since Cohen’s article several excellert texts (Edwards, 1979) on these methods have '

been presented, and the regression approach to OVA "has been extensivély used” in

recent research (Willson, rl982, p. ).

~ However, canonical correlation énaiYsis (Hotelling, 1935), and not regression
analysis, ig, the most general case of thevgener'al linear model -(Baggalley, 1981,_,
pP. 129)0. Fornell (1978, p. 168) notes thaf. "multiple regression, MANOVA and ANOVA,
and multiple discriminant analysis can all be shown to be special cases of canonical
analys.is.. Principal components énalysis is also in the inner family circle." Rnapp

(1978, p. 410) demonstrated this in some mathematical detail and concluded that -
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"virtually all of the commonly encountered parametric tests of significance can be

treated as special cases of canonical correlation analysis.”

¢ . )
k]
-3

The purpose of .this paper is to demonstrate —bv ,way of exan:ples ei;actly how
canonical methods subsume other conmonly utilizéd parametric methods Knowledc:ge‘of
\these linkages is important—-the knowledge provides researchers and students w1th'
real insight into the similarities and differences among methods. Most mlportantly,' '

g ] ‘
knowledge of the linkages provides a framework for . better . understanding the

techniques both individually and collectively.

Table 1 présents a th::)thetical data'set (n = 12)° nsed to make the prese‘ntatien
of examples concrete,  Readers ’mayf wish to.'replicate the reported analyses using
*whatever statistical packages are preferred. Results are reported »in sdme detail
throughout the paper in".order to facilitate such comparisons. Unless specifically
noted otherwise, results are reported exactly as presented on the ;xintouts generated
using‘ the Statistical ‘Package fgor - the Social Sciences " (Nie, Hull, Jenkins;
Steinhrenner & Bent, 1975); The X and Y variables in Table 1 represent hypothetical
intervaliy . scaled dependent variables. . Variable A represents a hypothetical ‘
intervally scaled independent variabale, while B repres'ents a variabhle designating
‘hypothetical assignment to experimental cenditions. l ‘

INSERT TABLE 1 ABOUT HERE.

-

Variable A‘ is a trichotcmy derived by converting A to the nominal level® of
scale in the .,ame fashion that many OVA researchers treat aptitude variables in
aptitude~treatment mteraction OVA designs. Variables Al through AZBl are "coding'

- colums” . that exactly restate the information originally presented in ‘the variables

frap which the colums were derived (Al, A2 from A”; Bl fram B; AIBl, AZBl fram Al,

o
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A2, and Bl)" The coding cplumns are perfectly uncorrelated or "orthogonal n Th1s can
be readlly seen by noting that the mean (v1a the sum) of every coding colum is zero

and that the sum of the cross-products of any two columns is also zero. The raw

score formula for the‘correlation coefficient preseated in statistics texts indicates

that these two conditiorns will delineate or thogonal variables. The AlBl and AZBl

-3

coding columns were derived by multiplying, :respectively, the Al colum times the _Bl
colum, and the A2 colum times the Bl colurin. - Thefe two variables measure the

interaction effects of ‘the A~ and g ways on one or more dependent variables; .

2

Q

Table 2 demonstrates that canonical correlation analysis (CC'A subsumes the

t-test, developed by Gossett under the pseudonym "Student™ in l908 (Cooley & Lohnes,

1971, p. 223). For the purposes of this analysas Y was declared the dependent ~

variable while group member ship delineated by B (e1ther 0 or 1) was the 1ndependent

.variable. The t—test’was.performed in the usual fashion. The mean of group 0 (7.8;

%

SD = 2.8) was not different enough fram the mean of group 1 (5.2; SD = 4.1) for the

difference to be considered statistically 51gn1fmant at most conventional alpha
levels. The canonlcal analysis was performed by indicating to the camputer that the
CCGA involved only one dependent variable (Y) and only” one predictor variable (B).

The OCA routine used a di:ferent test statistic than the t-test. However, it should

be recognized that all of the various test statistics (2, t, chi-square, F, etc.) are

related as explained by Glass'and Stanley (1970, pp. 236-238) The calculated:

probabllatles for the two sets of results are 1dent1ca1

INSERT TABLE 2_ ABOUT HERE.
: -
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Table_3 demonstrates that | OCA  subsumes the Pearson (1901) - product-moment

. correlation. coefficient, Tharpson (l984b pp. 14-16) provides substantially more

~

detzil on this llnkage by prese 1t1ng Q‘A in bivariate terms. Both analyses prov1de '

1dentigal results when Y and A are related, though different test stati stlcs were
employed. o
- INSERT TABLE 3 ABOUT HERE.

Table 4 presents a convential factorial ANCNA- (Fisher, 1925) that considered Y

‘as the depender:t varlable and A” and B as t}'ie ways in the des1gn. The implerentation

. of ANO\IA utilizing the CCA rout1ne requ1res that four sets of analyses be ' conducted.

The analyses are presented in Table 5. The first analysis predicts Y with the f_ive
coding columns (Al through A2B1) developed to represent the three effects in the

ANOVA design (A main effect, B main effect, and the two-way ‘interaction). The

' N

remaining thrge analyses on a rotational: basis exclude the coding columis’ a”ssoc'iated"

with each of the-three effects in.the ANOVA design.

INSEM‘TABLES:I_AND_S_ABCUI‘HERE.

These analyses are conducted to obtaln the Wllk S Lambda values reported in the
table. ° Lambda is analogous to a sum of squares in a convent10nal ANOVA It is an
est:.mate of an effect. Unlike an SOS, however,, as Lambda gets smaller -the effe‘ct is
larger rather than smaller. Table 6 presents. the mathernatics for converting the
Table 5 values i,nto effect estimates that corre‘qaond to the three effects in the

e

S0s“s for the effects presented in the Table 4 ANOVA keyout. Table 7 uses the

algorythm suggested by -Rao (1951) for conver ting these values to F test stat1st1cs. ’

Again, the results across the two analytlc methods agree perfectly. /

ANOVA results. It should be noted that these Lambda“s are 1nversely related to the



L ]

INSERT TABLE 6 AND 7 ABOUT HFRE..

Table 8 demonstrates that CCA subsumes multiple regressmn ana1y51s The
analysis involved  the ' prediction of Y with X, A, and B. The results correSpond

though different test statistics - aré employed. Table "9 demonstrates that the

function coefficients produced hy the CCA are related to the regression beta weights, .

even though the two set_s of coefficients at first‘paleo appear- to be different. The

difference is that a variance adjustment utilizing either Rc or R.is necessary to o

equate the coefficients actoss the two methods. Thampson and” Borrello '(in . press)
provide more detail on these relationships. p

INSERT TABLES 8 AND 9 ABOUT HERE.

Table 10 demonstrates that CCA subsumes discriminant analysis. The result is

‘not surprising. Tatsuoka (19‘53).desmnstrated'these relationships long ago, and the
computer even labels the’ dis*criminant" functions, "canonicaJ: discriminant functions."
The relationships between the two sets of function coeff1c1ents are less obvious,
Harris (1975, p. 143) explains the- relationship. . : o
What meanmg is tp be attached to the coeff1c1ents by which
Canona [C(‘A] tells us the group membership dunmy variables
are to be weighted? From the maximization criteria which
~ define Canona, it follows that they give the contrast among’
the means which accounts for the greatest percentage of the

between group variability in the discriminant function

I!\BERI'sTABLE lg ABOUT HERE.
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: thanks to the planned comparisons discussed previously.
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Table 11 presenEs the canonlcal varlate scores der1ved by a“pplymg the canomcall

-

functlon coefficients presented in Table 10 to the var1ables Y and X 1n the1r Z-score

form. , Table 11 also presents the discriminant function scores " derived in an

- LY

analogous manner, In addition to being perfectl}} vcorrelated, the values became

‘identical if the discriminant function scores are standardized through division by

kN
their standar® deviation. '
¢ ) <ou_.’

INSERT TABLE 11 ABOUT HERE.

5 ' ; - ' . ~ .
Tables 12,-13 and 14 demonstrate: that CCA subsumes MANOVA. ' The presentatio’p is

parallel to the demonstration involving ANOVA. However, the presentation is somewhat

simplified since the MANOVA effects are already presented as TLambda’s.

INSERT TABLES 12, 13, AND 14 ABOUT HERE. S

Discussion

3 .

The considerations presented in this péper suggest that researchers would -do

well t;o consider use of general linear model - (GIM) techniques as against their dVA

R

. énalogs. ' The GIM techniques are exactly equivalent when the ways {n an OVA “design

-

each have exactly two. levels. Otherwise the GIM ana],ytic approach vields more

specific 1nformat10n regardmg effects and greater power agalnst Type 11" error,

: h ‘ ’
With respect.to the use of univari_ate techniques rather than CCA or its special

.multivariate cases, - the mltivariate methods are superior. The methods provide

substantively important information regarding how all the variables interrelate.

k-]

Futhermore', the use of nultlple univariate procedures within a smgle study tends to

1nflate exper:.mentmse Type I error probablllty ’I‘he actual expermlentmse Type I

1
3 T . . .
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error: probabx,llty in _such cases ranges between the nanlnal a'lpha used for each”

)
,ux 8

unlvarlate ana1y51s and 1- [(1 - aipha\ ralsed to to k power] ’ where k is the number

=
_of dependent varlables 1n the study (Mor‘row & Frankleqwlcz 1979, p.. ,299) )
’- _f. ) . _ ,‘ Y “ - ‘/( ‘/ J 4
. . . . ) r - - B L R
» - Krus, Reynolds, and Krys (].9’76;:1:. 7t25) argue t}fat, "Dorma.nt"for nearly half a =

century,. Hotell‘ing’s (1935, 1936) canonlcal varlate ana1y51s has come of acz.* The ™

-\
) pr1nc1pal reason behind its resurrection-was 1ts canputerlzatlon and 1nc1us1on in jﬁ

~

‘major 'statlstlcal .packages." In an annotated b1bllography, Thompson 11984a, p. 3) -
- recently noted that: > . . BT . A=
a notewbr’thy indication of increased inte'rest'v in canonical

methods involves” the recent publication of seyeral articles’
. ( v . .

, which explain canonical methods in conceptual or essentially

- non-mathematical terms. _IIt is particularly noteworthylhat
. . these .’peices represent  journals from such  disparate
| ) . disciplines. ' | ‘ o Co R : _ : ‘ N
Thus Wood and Erskine (1976) Were able to review more than .30"applications of these ° }
e methods. - These develognents may be happy ones sji'nce."some research prob%ans almostu ‘

| i
. demand canonical analysis" (Kerllnger,,1973, o 652) and since "it is the sinplest |
& |

model that ‘can begln to do justlce to this d1ff1cult problem of sc1ent1f1c ‘

gener:allzatlon (Oooley & Lohnes 1971 p. 176y, .~ ?

»

A
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Tabfle” 1 . -

Hypothetical Data for Heuristic Demonstrations

Y X A B A" Al A2 Bl AlBl A%l
1 11 5 1 2 4 -1 -1 -1 +1
2 5 3 1 1 -1 41 -1 41 4
302 "2 1 1 -1 -1 -1 +1 +1
4 8 8 0 2 +1 -1 41 +1 -1

8 1 1 0 1 -1 -1 +1 -1 -1 e

9 9 12 0 3 0 +2 +1 0 +2

12 10 11 1 3 0 +2 -1 0 =2

15
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Tahle 2
CCA Subsumes t-tests
[Y by B(0,1)]

Canonical Analysis t-test Analysis

Squared Re  .14918 Mean of Group 0 7.8333(2.787)

Rc .38624 Mean of Group 1 5.1667(4.070)
Larbda - .85082
chi-square 1.53482 t 1.32 )
at . 1 a ° w0
s 215 p o .215
Table é

oca Subsumes'Pearson‘E
[Y with A)
e .Canonical.Analysis .Pearson Correlation
Squared Rc  ,32085
Re  ,56643 Pearson r .5664
Lambda 67915 Ny |
ch—squaré 3.67563 .
af ¢

-

P .055 p (one~tailed) .055
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Table 4

Factorial ANOVA

[¥ by A" (1,3),B(0,1)] - ‘)
Source ‘SOS af Ms Fcalc
A’ 56.000 2 28.000 2.754
) B 21,333 1 21333 2.098
A’B 4.667 2  2.333  .230

Error 61.000 6 10.167

Total "143.000 11 13.000

x

Table 5
Canonical Analyses Using; Four Models .
-~ Model Pfedictérs of Y Lambda
1 “ Al,A2,B1,AlB1,A2B1 .42657
2 BLAIBL,ABl 81818
3 Al,AZ;A]Bi,AZBl .57576
4 ALA2Bl 45921

17




Table f

Conversion to ANOVA Lambda”’s
Source Models Calculatihq Léxnbda’s Lambda
A® 1/2.  .42657/.81818 52136
B 1/3 - .42657/.57576 © . .74088
A“B -1/4 .42657/.45921 .92892

-

Table 7

Conversion of Lambda”s to ANOWVA F’s

Source [{l1 - Lambda) / Lambdai * (df error / Af effect) Fcalc

A~ [(i - .52136) / .52135) * (6 /2 )=

2.754

91806 3 =
B [(L- .74088) / .74088] * ( 6 /o1 =
.34975 * : 6 = 2.008
A'B [(1-.92892) / .92892] * ( 6 ,/ 2 )=
.07652 o * 3 = .230
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Table 8
OCA Subsumes Multiple Correlation (R)
| [Y with X, A, B]

Canonical Analysis Regression Analysis

) Squared Rc  .69920 Squared R .69920
Rc .83618 R .83618 o
Lambda .30080 o ”
chi-square io,21116 F 6.19861
af ° 3 a - 3,8
p 017 pr . ‘;.05>p>.01

* Derivéd from F tables since not provided by printout.

El

~Table 9

Function Coefficient and Beta Weight Conversions

. Punction Beta | ‘ * Function
Predictor Coefficient * Rc (or R) = Weight / Rc (or R) = Coefficient
X -1.18685 * .83618 = -.99242 / .83618 = -1.18685
A 1,54635 % .83618 = 1.29303 / .83618 = 1.54635 .
B .14582° * 83618 = - .1a582

. .12193 / .83618

19
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Table 10

OCA Subsumes Discriminant Analysis

( p
[Bl with Y, X] ;
Squéred Rc  .29425
Rc 54245 Rc .5424508
. Lambda .70575
chi-square 3.13648 chi-square - 3.1365
. af 2 af 2
P .208  p _ ©.2084
Func. Coefs. Func. Coefs. - o/
for Y  -.70221  for ¥ -.77101 -
,.' 4 - . ’;«.\
, for X .70221 for X .77101
\
e 1
Table 11 ‘
Canonical and Discriminant Variate Scores }
. s s i
Canonical Discriminant |
Case Variate Score Variate Score |
‘ 1 1.94759 2.21043
2 . 0.58428 0.66313
3 -0.19476 -0.22104 '
4 0.77904 0.88417 .
5  -0.19476 -0.22104 '
6 . 1.16855 1.32626 :
7 0.00000 " 0.00000 :
8  -1.36331 -1.54730 _ : R
9 - 0.00000 ~0.00000 . o
10  <1.36331 -1.54730 . : : |
11 -0.97379  -1.10521 h : -
12 -0.38952 —=0,44209 . ‘ .
Mean  0.0000 0.0000
_SD . 0.0000 1.1350

o

Note. Canonical 'variéte scores have been "reflected" by multiplication by
= negative one.- o




.

Table 102 '
~ Factorial MANOVA
[¥, X with A°(1,3), B(0,1)]
Source  Lambda f‘calc af. p
A’ 02202 11.47102 4,10 .00l
B .60902  1.60494 2,5 .289
AR .37812  1.56561 4,10 .257

Table 13
Canonical Analyses Using Four Models
Model ©Predictors of ‘5{, X Lambda
i al,A2,B1,AI1B1,AZB1 .02113
2 Bl,AlB1,AZB1 . .65989
3 Al,Az,Alél,Azsz .03469

4  AlLA2,Bl .05588

Table 14 -
Conversion to MANOVA Lanbda’s

Source ,Modelé Calculating Lambda“s Lambda

A’ 1/2  .02113/.65989 .03202

B . 1/3 .02113/.03469 60911

~

A’B 1/8  .02113/.05588 - .03781 .
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